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a b s t r a c t
A normal subgroup H of a finite group G is said to be hypercyclically embedded in G if every
chief factor of G below H is cyclic. The major aim of the present paper is to characterize the
normal hypercyclically embedded subgroups E of a group G by means of the embedding
of the maximal and minimal subgroups of the Sylow subgroups of the generalized Fitting
subgroup of E.
© 2010 Elsevier B.V. All rights reserved.
1. Introduction
Throughout this paper, all groups are finite.
Recall that a subgroup A of a group G is said to be quasinormal (Ore [22]) or permutable (Stonehewer [28]) in G if AB = BA
for all subgroups B of G. The subgroup A is said to be S-quasinormal, S-permutable, or π(G)-permutable in G (Kegel [16]) if
AP = PA for all Sylow subgroups P of G; A is said to be n-embedded in G [12] if G has a normal subgroup T such that AT = AG
and T ∩ A ≤ AsG [26], the largest S-quasinormal subgroup of G contained in A.
A normal subgroup A of a group G is said to be hypercentrally (respectively hypercyclically) embedded in G if every chief
factor of G below A is central (respectively is cyclic) [23, p. 217].
The essential influence of hypercentrally and hypercyclically embedded subgroups on the structure of a group makes
them useful to describe some important classes of groups. For example, if all subgroups of G of prime order and order 4 are
hypercentrally embedded in G, then G is nilpotent (N. Itô). If all these subgroups are hypercyclically embedded in G, then G
is supersoluble (Huppert, Doerk). If all subgroups of G of prime order are normal in G, then G is soluble (Gaschütz). A group
G is quasinilpotent if and only if it has a normal hypercentrally embedded subgroup E such that G/E is semisimple [15, X,
Theorem 13.6]. A group G is quasisupersoluble (i.e. for every non-cyclic chief factor H/K of G, every automorphism of H/K
induced by an element of G is inner) if and only if it has a normal hypercyclically embedded subgroup E such that G/E is
semisimple [13].
The study of hypercentrally embedded and hypercyclically embedded subgroups begins with the paper of Baer [4].
These subgroups are closely related to permutable subgroups. For instance, it was proved in [20] that if AG = 1 and A is
a quasinormal subgroup of G, then A is hypercentrally embedded in G; if AG = 1 and A is a modular element (in the sense
of Kurosh, see [23, p. 43]) of the subgroup lattice of G, then A is hypercyclically embedded in G [23, Theorem 5.2.5]. Some
other results related to hypercyclically embedded subgroups are discussed in the book [32].
The hypercentre Z∞(G) of a group G is the product of all normal hypercentrally embedded subgroups of G. The product of
all normal hypercyclically embedded subgroups of G is denoted by ZU(G) and called theU-hypercentre of G [9]. Mukherjee
proved in [21] that theU-hypercentre ZU(G) of G coincides with the largest term of the chain of subgroups
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1 = Q0 ≤ Q1 ≤ Q2 ≤ · · ·
where Qi(G)/Qi−1(G) is the subgroup of G/Qi−1(G) generated by the set of all cyclic quasinormal subgroups of G/Qi−1(G). In
this paper, we give a new characterization of theU-hypercentre related to S-quasinormal subgroups.
Theorem A. Let E be a normal subgroup of a group G. Then E is hypercyclically embedded in G if and only if for every non-cyclic
Sylow subgroup P of F∗(E) every maximal subgroup of P or every cyclic subgroup H of P with prime order and order 4 (if P is a
non-abelian 2-group and H * Z∞(G)) is n-embedded in G.
The proof of Theorem A relies on the following two theorems.
Theorem B. Let E be a normal subgroup of a group G. Suppose that for every non-cyclic Sylow subgroup P of E every maximal
subgroup of P or every cyclic subgroup H of P with prime order and order 4 (if P is a non-abelian 2-group and H * Z∞(G)) is
n-embedded in G. Then E is hypercyclically embedded in G.
Theorem C. Let E be a normal subgroup of a groupG. If F∗(E) is hypercyclically embedded in G, then E is hypercyclically embedded
in G.
In this theorem F∗(E) denotes the generalized Fitting subgroup of E, that is, the product of all normal quasinilpotent
subgroups of E [15, Chapter X].
Note that Theorems B and C are independently interesting, as they not only generalize the main results of many papers,
but also considerably simplify the proofs of some of them (see Section 4).
All unexplained notation and terminology are standard. The reader is referred to [9,5] if necessary.
2. Preliminaries
Recall that a formationF is a homomorph of groups such that each group G has a subgroup (denoted by GF ) which is the
smallest normal subgroup whose quotient belongs to F . The symbolA(p− 1) denotes the formation of all abelian groups
of exponent dividing p− 1 [25].
The following lemma is well-known (see, for example, [32, Chapter I, Theorem 1.4])
Lemma 2.1. Let H/K be a p-chief factor of a group G. Then |H/K | = p if and only if G/CG(H/K) ∈ A(p− 1).
Lemma 2.2. Let E be a normal p-subgroup of a group G. If E ≤ ZU(G), then
(G/CG(E))A(p−1) ≤ Op(G/CG(E)).
Proof. Let 1 = E0 < E1 < · · · < Et = E be a chief series of G below E. Let Ci = CG(Ei/Ei−1) and C = C1 ∩ C2 ∩ · · · ∩ Ct .
Then CG(E) ≤ C and by Corollary 3.3 in [11, Chapter 5], C/CG(E) is a p-group. On the other hand, since |Ei/Ei−1| = p,
G/C ∈ A(p− 1). Hence (G/CG(E))A(p−1) ≤ Op(G/CG(E)). 
Lemma 2.3 ([10, Theorem 2.4]). Let P be a group, a a p′-automorphism of P.
(1) If [a,Ω2(P)] = 1, then a = 1.
(2) If [a,Ω1(P)] = 1 and either p is odd or P is abelian, then a = 1.
Lemma 2.4 ([12, Lemma 2.7]). Let G be a group and H ≤ K ≤ G.
(1) Suppose that H is normal in G. Then K/H is n-embedded in G/H if and only if K is n-embedded in G.
(2) If H is n-embedded in G, then H is n-embedded in K .
(3) Suppose thatH is normal inG. Then the subgroupHE/H is n-embedded inG/H for every n-embedded inG subgroup E satisfying
(|H|, |E|) = 1.
Lemma 2.5 ([16]). Let G be a group and H ≤ K ≤ G.
(1) If H is S-quasinormal in G, then H is S-quasinormal in K .
(2) Suppose that H is normal in G. Then K/H is S-quasinormal in G/H if and only if K is S-quasinormal in G.
(3) If H is S-quasinormal in G, then H is subnormal in G.
(4) If A and B are S-quasinormal subgroups of G, then A ∩ B is also an S-quasinormal subgroup of G.
Lemma 2.5(3) has the following useful corollary.
Lemma 2.6. If H is S-quasinormal in a group G and H is a p-group for some prime p, then Op(G) ≤ NG(H).
Lemma 2.7. F∗(G) ≤ CG(H/K) for every abelian chief factor H/K of the group G.
Proof. In view of the Jordan-Hölder theorem, we may suppose that H ≤ F(G). By [32, Appendix C, Theorem 2.5], F(G) ≤
CG(H/K). On the other hand, F∗(G) = E(G)F(G) and [E(G), F(G)] = 1 where E(G) is the layer of G [15, p. 128]. Hence
F∗(G) ≤ CG(H/K). 
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Lemma 2.8. Let A, B, E be normal subgroups of a group G. Suppose that G = AB. If E ≤ ZU(A)∩ ZU(B) and (|G : A|, |G : B|) = 1,
then E ≤ ZU(G).
Proof. Assume that this lemma is false and let (G, E) be a counterexample with |G||E| minimal. Then E ≠ 1. Let L be a
minimal normal subgroup of G contained in E. Since ZU(A) is soluble, L is a p-group for some prime p. Let C = CG(L),
C1 = C ∩ A, C2 = C ∩ B. Since E ≤ ZU(A), Lemma 2.2 implies that A has a normal subgroup V1 such that C1 ≤ V1,
V1/C1 is a p-group and A/V1 ∈ A(p − 1). Similarly, B has a normal subgroup V2 such that C2 ≤ V2, V2/C2 is a p-group and
B/V2 ∈ A(p−1). Since CA/C ≃ A/C1, CB/C ≃ B/C2 and (|G : A|, |G : B|) = 1, it follows that G/C ∈ A(p−1) by [14, Lemma
3.1] and [32, Appendix C, Corollary 6.4]. Hence |L| = p by Lemma 2.1. It is clear also that the hypothesis also holds for G/L.
Hence E/L ≤ ZU(G/L) = ZU(G)/L by the choice of (G, E). Therefore E ≤ ZU(G). This contradiction completes the proof. 
Lemma 2.9 ([2, Lemma 4]). Let P be a p-subgroup of a group G where p > 2. Suppose that all subgroups of P of order p are
S-quasinormal in G. If a is a p′-element of NG(P)\CG(P), then a induces in P a fixed-point-free automorphism.
3. Proofs of Theorems A–C
Proof of Theorem B. Suppose that this theorem is false and consider a counterexample (G, E) for which |G||E| is minimal.
Let P be a Sylow p-subgroup of E, where p is the smallest prime dividing |E|, C = CG(P). If P is not a non-abelian 2-group,
we useΩ to denote the subgroupΩ1(P). Otherwise,Ω = Ω2(P).
(1) If X is a Hall subgroup of E, the hypothesis is still valid for (X, X). If, in addition, X is normal in G, then the hypothesis
also holds for (G, X) and for (G/X, E/X).
This follows directly from Lemma 2.4.
(2) If X is a non-identity normal Hall subgroup of E, then X = E.
Since X is a characteristic subgroup of E, it is normal in G and by (1) the hypothesis is still valid for (G/X, E/X) and
for (G, X). If X ≠ E, the minimal choice of (G, E) implies that E/X ≤ ZU(G/X) and X ≤ ZU(G). Hence E ≤ ZU(G), a
contradiction.
(3) E ≠ G.
This follows from [12, Theorem D] and the choice of G.
(4) E = P is not a minimal normal subgroup of G.
Suppose that E ≠ P . By Lemma 2.4(2) the hypothesis holds on (E, E), so E is supersoluble by (3) and the choice of
G. Hence a Hall p′-subgroup H of E is normal in E and H ≠ E, which contradicts (2). Hence E = P . Suppose that P is a
minimal normal subgroup of G. If for some proper subgroup H ≠ 1 of P we have H ≤ Z∞(G), then H ≤ Z∞(G) ∩ P ,
so P ≤ Z∞(G), which contradicts the choice of (G, P) = (G, E). Hence every maximal subgroup of P or every minimal
subgroup of P is n-embedded inG. Hence somemaximal subgroup of P is normal inG by Lemma 2.8 in [12]. Thus |P| = p,
a contradiction.
(5) Every cyclic subgroupH of P with prime order and order 4 (if P is a non-abelian 2-group andH * Z∞(G)) is n-embedded
in G.
Suppose that this is false. By hypothesis, every maximal subgroup of P is n-embedded in G. Hence G/N satisfies the
hypothesis for every minimal normal subgroup N of G contained in P by Lemma 2.4(1). Therefore P/N ≤ ZU(G/N) by
the choice of (G, P). Thus N is the only minimal normal subgroup of G contained in P and |N| > p.
We show that Φ(P) ≠ 1. Indeed, suppose that Φ(P) = 1. Then P is an elementary abelian p-group. Let D be a
complement of N in P and N1 a maximal subgroup of N . We show that N1 is S-quasinormal in G. Let V = N1D and T be
a normal subgroup of G such that V G = TV and T ∩ V ≤ VsG. If T = P , then V = VsG is S-quasinormal in G and hence
V ∩ N = N1D ∩ N = N1(D ∩ N) = N1 is S-quasinormal in G by Lemma 2.5 (4). In the case T = 1 we have V G = V ,
so 1 ≠ V ∩ N ≠ N is normal in G, which contradicts the minimality of N . Hence 1 ≠ T < P , so N ≤ T . Therefore
T ∩ VsG ∩ N = T ∩ N1D ∩ N = T ∩ N1(D ∩ N) = T ∩ N1 = N1 is S-quasinormal in G. Hence some maximal subgroup of
N is normal in G by Lemma 2.8 in [12], a contradiction. ThereforeΦ(P) ≠ 1.
Since P/N ≤ ZU(G/N), P/Φ(P) ≤ ZU(G/Φ(P)). Therefore (G/CG(P/Φ(P)))A(p−1) is a p-group by Lemma 2.2. Hence
(G/C)A(p−1) is a p-group by Theorem 1.4 in [11, Chapter 5]. Therefore G/CG(N) ∈ A(p − 1) since Op(G/CG(N)) = 1 by
[32, Appendix C, Corollary 6.4]. Thus |N| = p by Lemma 2.1. This contradiction completes the proof of (5).
(6) G has a normal subgroup 1 ≠ R ≤ P such that P/R is a non-cyclic chief factor of G, R ≤ ZU(G) and V ≤ R for every
normal subgroup V ≠ P of G contained in P .
Let P/R be a chief factor of G. Then by (4), R ≠ 1. Besides, by (5), the hypothesis holds on (G, R), so R ≤ ZU(G) and P/R
is not cyclic by the choice of (G, P) = (G, E). Now let V ≠ P be a normal subgroup of G contained in P . Then V ≤ ZU(G).
If V ≰ R, then from the G-isomorphism P/R = VR/R ≃ V/V ∩ Rwe deduce P ≤ ZU(G), contrary to the choice of (G, P).
Hence V ≤ R.
(7) CG(Ω)/C is a p-group.
This follows from Lemma 2.3.
(8) Ω ≰ ZU(G).
Suppose thatΩ ≤ ZU(G). Then (G/CG(Ω))A(p−1) is a p-group by Lemma 2.2, so G/CG(P/R) ∈ A(p− 1) by (7). Hence
|P/R| = p, contrary to (6). 
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The final contradiction. By (6) and (8),Ω = P . Let V1, V2, . . . , Vt be the set of all cyclic subgroups of P of order p or order
4. Suppose that for some i we have ViG = P and Vi ≠ (Vi)sG. By (5), Vi is n-embedded in G. Let T be a normal subgroup of
G such that P = ViT and T ∩ Vi ≤ VsG. Then T ≠ P , so P/T = ViT/T ≃ Vi/Vi ∩ T is a non-identity cyclic G-chief factor,
which contradicts (6). Therefore if ViG = P , then V = VsG is an S-quasinormal subgroup of G. Without loss of generality we
may assume that V1, V2, . . . , Vr are S-quasinormal subgroups of G and ViG < P for all i > r . Then Vr+1, Vr+2, . . . , Vt are
subgroups of R, so P/R = (V1R/R)(V2R/R) · · · (VrR/R). Note that if Q is a Sylow subgroup of G, then for every i ≤ r we have
ViQ = QVi and Vi is subnormal in ViQ by Lemma 2.5(3). Suppose that p = 2. Then ViQ is nilpotent, so Q ≤ CG(Vi). Therefore
Op(G) ≤ CG(P/R), which implies CG(P/R) = G, a contradiction. Hence p > 2. Note also that P ≤ Op(G) ≠ G. Indeed, if
P  Op(G), then, in view of the G-isomorphism Op(G)P/Op(G) ≃ P/Op(G) ∩ P , G has a cyclic chief factor of the form P/V ,
where Op(G)∩ P ≤ V . This contradicts (6). Hence P ≤ Op(G). Suppose that Op(G) = G. Then, by Lemma 2.6, V1R/R is normal
in G/R, so P/R = V1R/R is cyclic, which contradicts (6).
Thus P ≤ Op(G) ≠ G. Next we show that for some prime q ≠ p we have Oq(G) ≠ G. Assume that Oq(G) = G for all
primes q ≠ p. Then for every G-chief factor H/K of order p we have CG(H/K) = G. In particular, for every minimal normal
subgroup L of G contained in R we have L ≤ Z(G). Hence for every a ∈ G we have CP(a) ≠ 1, so by Lemma 2.9 and (4), G/C
is a p-group. It follows that CG(P/R) = G, which contradicts (6). Hence for some prime q ≠ pwe have Oq(G) ≠ G. But then,
by Lemma 2.8, P ≤ ZU(G), a contradiction. The theorem is proved.
Proof of Theorem C. We use [A]B to denote the semidirect product of the groups A and B, where B is an operator group for
A. Let F be a class of groups. A chief factor H/K of a group G is called F -central provided [H/K ](G/CG(H/K)) ∈ F (see [25,
p. 127–128]). The product of all normal subgroups of Gwhose G-chief factors areF -central in G is called theF -hypercentre
of G and denoted by ZF (G) [9, p. 389].
Since the class of all supersoluble groups is a formation, Theorem C is a special case of the following theorem. 
Theorem 3.1. LetF be a formation and G a group. Let E, N be normal subgroups of G and N ≤ Φ(F(E)). If F∗(E)/N ≤ ZF (G/N),
then E/N ≤ ZF (G/N).
Proof. Suppose that this theorem is false and consider a counterexample (G, E) for which |G||E| is minimal. Then N = 1.
Indeed, suppose that N ≠ 1 and let F∗/N = F∗(E/N). It is well known that the class of all quasinilpotent groups is a Baer-
local formation ( see [9, Chapter IV, Definition 4.9 (d)], so it is a solubly saturated formation (see [9, Chapter IV, Definition
4.9(a)] by [9, Chapter IV, Theorem4.12]). Hence F∗ is quasinilpotent, so F∗/N = F∗(E)/N and F∗(E/N) ≤ ZF (G/N). Therefore
E/N ≤ ZF (G/N) by the choice of (G, E). This contradiction shows that N = 1.
Let F∗ = F∗(E) and F = F(E). First suppose that F ≠ 1. Let L be a minimal normal subgroup of G contained in F and let
C = CG(L)∩E.We shall show that (G/L, C/L) satisfies thehypothesis. Indeed, clearly L ≤ Z(C). Besides, F∗ ≤ C by Lemma2.7.
Therefore F∗(C/L) = F∗/L by [15, Chapter X, 13.6]. Hence the hypothesis is still true for (G/L, C/L), so C/L ≤ ZF (G/L) by the
choice of (G, E). Since L ≤ F ≤ F∗ ≤ ZF (G), it follows that C ≤ ZF (G). On the other hand, it follows from theG-isomorphism
E/C ≃ CG(L)E/CG(L) and [9, Chapter IV, Proposition 1.5] that E/C ≤ ZF (G/C). Hence E ≤ ZF (G), a contradiction. Hence
F = 1, so in view of [15, Chapter X, 13.6], F∗ = N1 × N2 × · · · × Nt , where Ni is a minimal normal subgroup of G. Therefore
CG(F∗) = CG(N1) ∩ CG(N2) ∩ · · · ∩ CG(Nt). But G/CG(Ni) ∈ F for all i = 1, 2, . . . , t and hence G/CG(F∗) ∈ F . On the other
hand, by [15, Chapter X, 13.12], CG(F∗) ∩ E ≤ F = 1. Therefore from the G-isomorphism ECG(F∗)/CG(F∗) ≃ E/CG(F∗) ∩ E
we deduce that E ≤ ZF (G). This contradiction completes the proof of Theorem B. 
Proof of Theorem A. Let F∗ = F∗(E) and F = F(E).
First we show that if for every non-cyclic Sylow subgroup P of F∗ every maximal subgroup of P or every cyclic subgroup
H of P of prime order or order 4 (if P is a non-abelian 2-group and H * Z∞(G)) is n-embedded in G, then E ≤ ZU(G).
Suppose that this is false and consider a counterexample (G, E) for which |G||E| is minimal. By Lemma 2.4, (F∗, F∗) satisfies
the hypothesis, so by Theorem B we have F∗ = F and F∗ ≤ ZU(G). Therefore E ≤ ZU(G) by Theorem C.
Now suppose that E ≤ ZU(G) and let L be a subgroup of F∗(G) = F(G) of prime order. If 1 = F0 ≤ F1 ≤ · · · ≤ Ft = F is a
chief series of G below F(G), then for some iwe have L ≤ Fi and L∩ Fi−1 = 1. Then LG = LG ∩ Fi = LG ∩ LFi−1 = L(LG ∩ Fi−1).
Hence L is n-embedded in G. Finally note that the Sylow 2-subgroup of ZU(G) is contained in Z∞(G). 
4. Some applications of Theorems A–C
A formation F is said to be saturated if G ∈ F for each group Gwith G/Φ(G) ∈ F . A subgroup H of a group G is said to
be c-normal in G if for some normal subgroup T of Gwe have HT = G and H ∩ T ≤ HG [29].
Buckley [8] obtained a description of nilpotent groups of odd order, all of whose subgroups of prime order are normal.
As a consequence, he also proved that a group of odd order is supersoluble if all its subgroups of prime order are normal
[8]. Later, Srinivasan [27] proved that a group G is supersoluble if every maximal subgroup of every Sylow subgroup of G is
normal in G. These results have been developed in various directions, especially in the framework of formation theory. In
particular, if F is a saturated formation containing all supersoluble groups and G is a group with a normal subgroup E, then
the following results are true.
(1) If G/E is supersoluble and every cyclic subgroup of E with prime order and order 4 is S-quasinormal in G, then G is
supersoluble [24].
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(2) If G/E ∈ F and every cyclic subgroup of E with prime order and order 4 is either S-quasinormal [6,2] or c-normal in
G [7], then G ∈ F .
(3) If G/E is supersoluble, E is soluble and every cyclic subgroup of F(E) with prime order and order 4 is c-normal in G,
then G is supersoluble [17].
(4) If G/E is supersoluble and every cyclic subgroup of F∗(E)with prime order and order 4 is either quasinormal [18] or
c-normal in G [31], then G is supersoluble.
(5) If G/E ∈ F , E is soluble and every cyclic subgroup of F(E) with prime order and order 4 is S-quasinormal in G, then
G ∈ F [2].
(6) If G/E ∈ F and every cyclic subgroup of F∗(E)with prime order and order 4 is either S-quasinormal [18] or c-normal
in G [31], then G ∈ F .
(7) If G/E is supersoluble and every maximal subgroup of every Sylow subgroup of E is either S-quasinormal [3] or c-
normal in G [29] then G is supersoluble.
(8) If G/E ∈ F and every maximal subgroup of every Sylow subgroup of E is either S-quasinormal [1] or c-normal in G
[30], then G ∈ F .
(9) If G/E is supersoluble, E is soluble and every maximal subgroup of every Sylow subgroup of F(E) is either S-
quasinormal [3] or c-normal in G [17], then G is supersoluble.
(10) If G/E ∈ F and every maximal subgroup of every Sylow subgroup of F∗(E) is either S-quasinormal [19] or c-normal
in G [31], then G ∈ F .
(11) If G/E ∈ F and for every non-cyclic Sylow subgroup P of E every maximal subgroup of P or every cyclic subgroup
H of P with prime order and order 4 (if P is a non-abelian 2-group and H * Z∞(G)) is n-embedded in G, then G ∈ F [12].
(12) IfG/E ∈ F and for every non-cyclic Sylow subgroup P of F∗(E) everymaximal subgroup of P or every cyclic subgroup
H of P with prime order and order 4 (if P is a non-abelian 2-group and H * Z∞(G)) is n-embedded in G, then G ∈ F [12].
It is rather clear that if F is a saturated formation containing all supersoluble groups and G is a group with cyclic normal
subgroup E such that G/E ∈ F , then G ∈ F . Hence in view of Theorem C all the results in [12,2,29,8,27,24,6,7,17,18,31,3,1,
30,19] mentioned above follow from Theorem B.
Acknowledgements
The author is very grateful to the helpful suggestions of the referee. The author is also indebted to Professor R. Esteban-
Romero for his useful suggestions.
References
[1] M. Asaad, On maximal subgroups of finite group, Comm. Algebra 26 (1998) 3647–3652.
[2] M. Asaad, P. Csörgő, Influence of minimal subgroups on the structure of finite group, Arch. Math. (Basel) 72 (1999) 401–404.
[3] M. Asaad, M. Ramadan, A. Shaalan, Influence of π-quasinormality on maximal subgroups of Sylow subgroups of fitting subgroups of a finite group,
Arch. Math. (Basel) 56 (1991) 521–527.
[4] R. Baer, Supersoluble immersion, Canad. J. Math. 11 (1959) 353–369.
[5] A. Ballester-Bolinches, L.M. Ezquerro, Classes of Finite Groups, Springer, Dordrecht, 2006.
[6] A. Ballester-Bolinches, M.C. Pedraza-Aguilera, On minimal subgroups of finite groups, Acta Math. Hungar. 73 (1996) 335–342.
[7] A. Ballester-Bolinches, Y. Wang, Finite groups with some C-normal minimal subgroups, J. Pure Appl. Algebra 153 (2000) 121–127.
[8] J. Buckley, Finite groups whose minimal subgroups are normal, Math. Z. 15 (1970) 15–17.
[9] K. Doerk, T. Hawkes, Finite Soluble Groups, Walter de Gruyter, Berlin, New York, 1992.
[10] T.M. Gagen, Topics in Finite Groups, in: London Mathematical Society Lecture Note Series, vol. 16, Cambridge University Press, Cambridge, 1976.
[11] D. Gorenstein, Finite Groups, Harper & Row Publishers, New York, Evanston, London, 1968.
[12] W. Guo, A.N. Skiba, Finite groups with given s-embedded and n-embedded subgroups, J. Algebra 321 (2009) 2843–2860.
[13] W. Guo, A.N. Skiba, On some classes of finite quasi-F -groups, J. Group Theory 12 (2009) 407–417.
[14] W. Guo, A.N. Skiba, On finite quasi-F-groups, Comm. Algebra 37 (2009) 470–481.
[15] B. Huppert, N. Blackburn, Finite Groups III, Springer-Verlag, Berlin, New-York, 1982.
[16] O. Kegel, Sylow-Gruppen and Subnormalteiler endlicher Gruppen, Math. Z. 78 (1962) 205–221.
[17] D. Li, X. Guo, The influence of c-normality of subgroups on the structure of finite groups, II, Comm. Algebra 26 (1998) 1913–1922.
[18] Y. Li, Y. Wang, The influence of minimal subgroups on the structure of a finite group, Proc. Amer. Math. Soc.. 131 (2002) 337–341.
[19] Y. Li, Y. Wang, The influence of π-quasinormality of some subgroups of a finite group, Arch. Math. (Basel) 81 (2003) 245–252.
[20] R. Maier, P. Schmid, The embedding of permutable subgroups in finite groups, Math. Z. 131 (1973) 269–272.
[21] N.P. Mukherjee, The hyperquasicenter of a finite groups, Proc. Amer. Math. Soc.. 32 (1972) 24–28.
[22] O. Ore, Contributions in the theory of groups of finite order, Duke Math. J. 5 (1939) 431–460.
[23] R. Schmidt, Subgroup Lattices of Groups, de Gruyter, Berlin, 1994.
[24] A. Shaalan, The influence of π-quasinormality of some subgroups on the structure of a finite group, Acta Math. Hungar. 56 (1990) 287–293.
[25] L.A. Shemetkov, A.N. Skiba, Formations of Algebraic Systems, Nauka, Main Editorial Board for Physical and Mathematical Literature, Moscow, 1989.
[26] A.N. Skiba, On weakly s-permutable subgroups of finite groups, J. Algebra 315 (2007) 192–209.
[27] S. Srinivasan, Two sufficient conditions for supersolvability of finite groups, Israel J. Math. 35 (1980) 210–214.
[28] S.E. Stonehewer, Permutable subgroups in infinite groups, Math. Z. 125 (1972) 1–16.
[29] Y. Wang, c-normality of groups and its properties, J. Algebra 180 (1996) 954–965.
[30] H. Wei, On c-normal maximal and minimal subgroups of Sylow subgroups of finite groups, Comm. Algebra 29 (2001) 2193–2200.
[31] H. Wei, Y. Wang, Y. Li, On c-normal maximal and minimal subgroups of Sylow subgroups of finite groups. II, Comm. Algebra 31 (2003) 4807–4816.
[32] M. Weinstein, Between Nilpotent and Solvable, Polygonal Publishing House, 1982.
